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Abstract
A reective transformation is a one-to-one Boolean transformation such that its inverse is iso-
metrically similar to itself. Any Boolean isometry is proved to be reective through some Boolean
isometry of order 2. Some conditions for reectiveness are given for the [ ]-representations of
self-dual transformations introduced by the author’s previous paper. Next, a condition for a
threshold transformation to be expansible is described. Then all currently known one-to-one mini-
mal incompressible threshold transformations are shown to be reective through some Boolean
isometries of order 2. ? 2000 Elsevier Science B.V. All rights reserved.
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ective transformation; Compression;
Expansion
1. Introduction
The background concepts of this preliminary section are found in good introductory
textbooks on discrete mathematics such as [1,6]. Let Nn = f1; 2; : : : ; ng be the residue
class ring with n as the zero element. We denote by =(1; 2; : : : ; n) the n-cycle dened
by i = i + 1 for every i.
The complement of a subset A is denoted by Ac. For any two subsets A and B,
AnB = A \ Bc, and Au B = AnB [ BnA. It is clear that for any permutation  of Nn
and any subsets L; M of Nn,
(LuM) = (L)u (M): (1.1)
A linear function : i=a  i+b on Nn is a permutaiton if and only if a is invertible.
In this case
= a and = a
−1
:
In particular, if the slope a=n−1(=−1) and the segment b=1, then  is =(1; n) (2; n−
1)    ([n=2]; n− [n=2]+1), the product of [n=2] 2-cycles, where [x] denotes the greatest
integer equal to or less than x.
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Let Q be the minimal Boolean algebra f0; 1g with operations , _, @, and =. The
set QNn of the functions Nn ! Q is simply denoted by Qn. The set of all functions
Qn ! Q is denoted by B, and its members are called Boolean functions. Similarly,
any transformation of Qn is called a Boolean transformation.
The Polya action h of the symmetric group on Nn on Qn associates a permutation
 of Nn with a permutation of coordinates of Qn by
(h)(x1; x2; : : : ; xn) = (x−11; x−12; : : : ; x−1n):
We omit the Polya action h hereafter and write x in place of (h)x for an element x of
Qn. Let J = fs; t; : : : ; wgNn, and let nJn or ns; t; : : : ; wn denote the complementation
of the sth, tth; : : : ; wth coordinates dened by
nJ n x = (x1; : : : ;@ xs; : : : ;@ xt ; : : : ;@ xw; : : : ; xn):
For the composition of a permutation and a complementation, we have nJ n=n−1Jn.
Therefore, ( n Jn)−1 = −1 n Jn and
( n Jn)( n Kn) =  n −1J u K n :
In summary, the set O(Qn) of all products of a nite number of permutations and
complementations of coordinates of Qn is a transformation group for Qn and consists
of n!2n elements, each uniquely expressed as a product nJn, where  is a permutation
of Nn, and nJn is a complementation. The identity permutation is denoted by , and
the identity transformation of Qn is denoted by I . The transformation nNnn is denoted
by .
By the conversion of Qn to f−1; 1gn, with the correspondence 0 ! −1, 1 ! 1,
O(Qn) can be identied with the set all the orthogonal transformations of Rn that map
f−1; 1gn onto itself. Therefore, an element of O(Qn) is called a (Boolean) isometry
hereafter. Transformations F and G of Qn are called isometrically equivalent if there
exist isometries S and T of Qn such that G = SFT . If G = T−1FT for an isometry
T of Qn, then G is called isometrically similar to F . The variation of F denoted by
Var(F) for a transformation F of Qn is dened by
Var(F) =
X
x2Qn
dH (x; Fx);
where dH is the Hamming distance. If F and G are isometrially similar, then Var(F)=
Var(G). We call a Boolean transformation F minimal, if Var(F)6Var(TF) for every
isometry T .
We refer to the set f for a function f2B meaning the set f−11, i.e. the inverse
image of 1. The group O(Qn) further denes the Polya action on B by (Tf)x=f(T−1x)
for each T 2 O(Qn) and f 2 B. It is clear from the denition that x 2 f if and only
if Tx 2 Tf. In other words, the application of T to f by the Polya action on B is
equivalent to the application of T to the set f through the Polya action on Qn. For
example, the set f = f is the set of complements of all points of f−11, while the
set @f is f−10.
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We denote by pi 2 B the projection function that associates each x 2 Qn with
its ith component. Then a transformation F of Qn can be conventionally expressed
as F = (F1; : : : ; Fn), where Fi = piF . If F is self-dual, that is, F = F , then the
[ ]-representation for F introduced in [4] can be dened as follows. If fi is dened as
fi = pi @Fi (1.2)
for every i, then
Fi = pi @fi _ fi: (1.3)
Conversely, if Fi is dened by (1.3) for any function fi 2 B such that fi = pi  fi
for every i, then F = (F1; : : : ; Fn) is a self-dual transformation and (1.2) holds. Conse-
quently, any self-dual transformation F such that F = (F1; : : : ; Fn) can be represented
by F = [f1; : : : ; fn]. In this representation, the set of all non-xed points of F , called
carrier of F and denoted by Car F , is
Car F =
n[
i=1
(fi [ fi):
In fact, the points of fi, whose ith coordinate is 1, are transformed into points whose
ith coordinate is 0, while the points of fi, whose ith coordinate is 0, are transformed
into points whose ith coordinate is 1, and these are all the changes on Qn when F is
applied.
A transformation F of Qn is called circular, if F= F ; F is called skew-circular,
if F n n n= n n n F . F = [f1; : : : ; fn] is circular if and only if fi = i−1f1, and F is
denoted by F = hf1i. F is skew-circular, if and only if fi = ( n nn)i−1f1, and F is
denoted by F = hhf1ii.
A function f 2 B is called a threshold function, if the set f and @f are separated
by a hyperplane in the real n-space Rn. A self-dual transformation F of Qn is called
a threshold transformation if pi F is a threshold function for every i. If F is self-dual
and represented by [f1; : : : ; fn], then F is a threshold transformation if and only if fi
is a threshold function for every i [4]. Note that the class of threshold transformations
contains isometries.
There is a class of one-to-one transformations F of Qn such that F−1 = T−1FT for
some transformation T 2 O(Qn). We call such a transformation a reective transfor-
mation through T . An example is a binary-reected Gray code [2,3] for dimension n.
We have encountered reective transformations in studying circular minimal threshold
transformations [4] and raised an open question about whether all one-to-one min-
imal circular threshold transformations are reective through linear permutations of
slope −1.
In this paper we prove that any Boolean isometry is reective through some Boolean
isometry of order 2. Further, we show that all currently known one-to-one threshold
transformations that are minimal and incompressible (see Section 4 for the denition)
are reective through some Boolean isometries of order 2. These results tentatively
indicate that one-to-one threshold transformations do not digress so far away from
isometries.
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2. Boolean isometries are reective
We prove here that any Boolean isometry is reective through some Boolean isom-
etry of order 2. By an elementary theorem on permutations, any isometry T of Qn can
be decomposed as a commutative product
T = 1 n J1 n    k n Jk n  n Jk+1n; (2.1)
where Nn is the union of its mutually disjoint subsets Ai, i is a cyclic permutation of
Ai,  is the identity of Ak+1, and JiAi for every i = 1; : : : ; k + 1.
Lemma 2.1. Let ANm. Then the equation
X u X = A (2.2)
for an unknown subset X Nm has a solution i jAj is even. Further; if X is a solution;
then X and X c are the only solutions.
Proof. Since X and X have the same cardinality, their symmetric dierence must be
even (proving the necessity). For the suciency, if A= ;, then clearly, X = ; and Nm
are the only solutions of (2.2). Assume jAj is positive and even. If A = fi; jg with
i< j, then X = fi; : : : ; j − 1g is a solution. If jAj is even, then A is the sum (u) of
pairs, so that by (1.1) there exists a solution X . Suppose Y is also a solution. Then
X u X = Y u Y , so that (X u X )u (Y u Y )= ;, i.e. (X u Y )u (X u Y )= ;.
Therefore, XuY=; or Nm, i.e. Y=X or X c. Further, X cuX c=X cu(X )c=XuX ,
so that X c is indeed a solution.
Theorem 2.2. If T is an isometry of Qn; then T is reective through some isometry
of order 2 of Qn.
Proof. In the above decomposition (2.1) of T , it is clear that  n Jk+1n is reective
through nJk+1n and nJ ck+1n, and at least one of them is order 2. Therefore, it suces
to prove for T =  n Jn, where  is an n-cycle and J Nn. Therefore, it suces to
prove for T =nAn, ANn, since n Jn is a conjugate of nAn for some A. Assume
that  is an unknown permutation of Nn and X is an unknown subset of Nn such that
T is reective through U =  n X n. Then U 1TU = T−1, i.e. TUT = U , i.e.
=
=

 and −1(−1Au X )u A= X; i:e:
 and X u X = −1Au A:
(2.3)
The solutions of the rst equation are the linear permutations  of slope −1, for any
one of which, the second equation has two solutions X and X c by Lemma 2.1, since
jAuBj is even for arbitrary sets A and B of same cardinality modulo 2. Therefore, T
is reective through an isometry U =  n X n. To prove that U is of order 2, it is
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sucient to show that any such U satises the equation
= ; and −1X u X = ; i:e: X = X: (2.4)
The rst equation is satised by any linear permutation of slope −1. Further, X u
(X ) = X u X = (X u X ) = (−1Au A) = Au A. Therefore, X is
also a solution of the second equation of (2.3), so that X = X or X = X c. Suppose
the latter equation holds. Then  has no xed point, so that there exists some i 2 Nn
such that i = i = j. Clearly j 62 Au A. If i 2 X , then j 2 X and j 2 X , i.e.
j 62 X . If i 62 X , then j 62 X and j 62 X , i.e. j 2 X . Therefore, j 2 X u X , which
contradicts the fact that X is a solution of the second equation of (2.3), so that the
second equation of (2.4) holds.
3. Reectiveness conditions for [ ]-representations
In this section some conditions for a self-dual transformation F to be a reective
transformation are described, when F is given by its [ ]-representation. These conditions
are used in examples of Section 5.
Proposition 3.1. Let F=[f1; : : : ; fn] be a self-dual transformation of Qn and T=nJn
be an isometry of Qn. F is reective through T if and only if (i) TFfifi for every
i 2 J; (ii) TFfi fi for every i 2 Nn n J; and (iii) TF(fi [ fi)c \ fi = ; for
every i.
Proof. Assume that F is reective through T . Then FTF = T . Let x 2 fi and i 2 J .
Then xi = 1 and (Fx)i = 0. (TFx)i = (−1(TFx))i = (nJ n Fx)i = 1, and (F(TFx))i =
(Tx)i = (−1(Tx))i = (−1 n J n x)i = (nJ n x)i = 0. Therefore, TFx 2 fi. Next
let x 2 fi and i 2 Nn n J . Then xi = 1 and (Fx)i = 0. (TFx)i = (nJ n Fx)i = 0.
(F(TFx))i = (nJ n x)i = 1. Therefore, TFx 2 fi. Next, let x 62 fi [ fi. Then
xi = (Fx)i, so that (F(TFx))i = (Tx)i = (nJ n x)i = (nJ n Fx)i = (TFx)i. Therefore,
TFx 62 fi.
Assume the conditions (i){(iii). To prove that F is reective through T , we will
show that FTF =T . Let x 2 fi for some i 2 J . Then, TFx 2 fi, so that (FTFx)i=0.
Also xi = 1, so that (Tx)i = (−1(Tx))i = (−1 n J n x)i = (nJ n x)i = 0. Therefore,
(FTFx)i = (Tx)i. If x 2 fj for some j 2 J , then by the self-duality of F and T ,
(FTFx)j = (Tx)j also. Let x 2 fi for some i 2 Nn n J . Then TFx 2 fi, so that
(FTFx)i=1. Also xi=1, so that (Tx)i=(nJ n x)i=1. Therefore, (FTFx)i=(Tx)i. If
x 2 fj for some j 2 Nn n J , then by the self-duality of F and T , (FTFx)j = (Tx)j
also. Let x 62 fk [ fk for some k. Then TFx 62 fk [fk , because x 62 fk [ fk .
Therefore, (FTFx)k=(TFx)k=(nJnFx)k=(nJnFx)k=(nJnx)k=(Tx)k . Consequently,
(FTF)x = Tx for every x 2 Qn, so that F is reective through T .
Corollary 3.2. Let F = [f1; : : : ; fn] be a self-dual transformation of Qn. If F is
reective through T =  n Jn; then jfij= jfij for every i.
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4. Compression of threshold transformations
If C Qn, the identity transformation of C is denoted by IC . Let F be a transfor-
mation of Qn. We dene i F j for i; j 2 Nn if xi= xj for every x 2 Car F [F(Car F)
or xi =@xj for every x 2 Car F [ F(Car F). Clearly F is an equivalence relation on
Nn. Let M= fM1; : : : ; Mmg be the set of all equivalence classes dened by F . Let j
be a representative element of Mj. Then  :Nm ! Nn is an injection. Let  :Nn ! Nm
be the function dened by i = j if i 2 Mj. Then  is the identity  and pi = ipi
for every i 2 Nn, where i = IQ or @. In particular, j = IQ for every j 2 Nm. Let the
function H :Qm ! Qn be dened by piH = ipi for every i 2 Nn. Clearly, H is an
injection, and pj =pjH on Qm for every j 2 Nm. Dene the transformation G of Qm
by
G = H−1FH: (4.1)
Then G is well dened, since Car F [ F(Car F)HQm. G is called a compression of
F , and F is called an expansion of G. Further, F is called compressible, if jMjj>2
for some j, and incompressible otherwise. G is self-dual if and only if F is self-dual.
Let F = [f1; : : : ; fn] and G = [g1; : : : ; gm] be dened by (4.1). Then,
gj =pj @(H−1FH)j = jpj @(FH)j
=pj(1p1; : : : ; npn) @Fj(1p1; : : : ; npn)
=fj(1p1; : : : ; npn); (4.2)
fi = pi @Fi = pi @(HGH−1)i
Y
k2Nn
(pk = kpk)
and
pi @(HGH−1)i = ipi @i(GH−1)i
= (ipi @iGi)(p1; : : : ; pm)
Therefore,
fi =
8>><
>>:
gi(p1; : : : ; pm) 
Y
k2Nn
(pk = kpk) if i = IQ;
gi(p1; : : : ; pm) 
Y
k2Nn
(pk = kpk) if i =@:
(4.3)
Example 4.1 (Ueda [4]). A threshold transformation F = hfi, f = p1  p2   pn.
i F j for every i; j 2 Nn, that is, M= fNng. Let 1= 1. It follows from (4.2) that
G is the isometry @ of Q1 dened by G = hp1i= hhp1ii.
Example 4.2 (Ueda [4]). A threshold transformation F = hfi, where n= 2m,
f = p1   pm @pm+1   @p2m:
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M=fM1; : : : ; Mmg, Mj=fj; j+mg. Let j= j for each j 2 Nm. G is obtained by (4.2)
as G = hhgii, g= p1   pm.
In general, if F is a threshold transformation, then its compression G is also a
threshold transformation, but the converse is not necessarily true. However, we have
the following theorem.
Theorem 4.3. F is a self-dual threshold transformation if and only if; for its com-
pression G = [g1; g2; : : : ; gm] dened by (4:2); gj is a threshold function for every j;
and for each t such that jMt j>2 and for each j; gj pt or gj @pt .
Proof. Let F=[f1; : : : ; fn] be a self-dual transformation of Qn and G=[g1; : : : ; gm] be
a self-dual transformation of Qm dened by (4.2). Suppose that there exist y; y0 2 gj
such that yt = 0 and y0t = 1 for some t such that jMt j>2. Then there exists some s
such that s 6= t and t = s. Let i = j, Hy = x, and Hy0 = x0. Then i = j. Also,
x; x0 2 gi(p1; : : : ; pm), xk = kxk0 and x0k = 0k for every k, so that x; x0 2 fi by
(4.3). Further, xt = yt = 0, x0t = 1, xs = sys = syt = s0, x
0
s = s1. Let z and z
0 of
Qn be dened as zt = 0, zs = s1, and zu = xu for every other u; z0t = 1, z
0
s = s0, and
z0u = x
0
u for every other u. Since t F s, both z and z0 are xed points of F , so that
they are elements of @fi. However, x+ x0 = z+ z0 in Rn, contrary to the fact that fi
is a threshold function. The \if" part of this theorem is obvious.
As seen from Theorem 4:3, an expansion of an incompressible threshold transfor-
mation may be a threshold transformation or not. If there exists some threshold trans-
formation which is an expansion of a given threshold transformation, then the given
threshold transformation may be called expansible. Thus, threshold transformations can
be classied as follows:
Threshold transformations
. &
Compressible Incompressible
. &
Expansible Inexpansible
5. Reectiveness of threshold transformations
In this section we collect minimal and incompressible one-to-one threshold trans-
formations and examine their reectiveness. We give only a representative for the
set of isometrically similar minimal transformations and exclude direct products of
lower-dimensional transformations. Here pi may be expressed by its sux only. Also
Smfg denotes the disjunction of all conjunctions of m elements of fg.
Example 5.1. The following seven circular transformations F = hfi for n = 6 are
incompressible threshold transformations. Each of them is reective through any linear
permutation of slope −1. The rst three are due to [4].
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(1) f = p1  p3 @p4 @p6 _ p1 @p2 @p4  p5 @p6 _ p1 @p2  p3  p5 @p6.
(2) f = p1  p2 @p3 @p6 _ p1  p2  p4 @p5 @p6 _ p1 @p3  p4 @p5 @p6.
(3) f = p1  p2 @p3 @p6 _ p1  p2 @p5 @p6 _ p1 @p3  p4 @p5 @p6.
(4) f = p1  p2  p3 @p4 @p5 _ p1  p2  p3 @p4 @p6 _ p1  p2 @p4 @p5 
@p6 _ p1  p3 @p4 @p5 @p6.
(5) f = 1  2 @5 @6 _ 1  2  3 @4 @6.
(6) f = 1  2 @3 @6 _ 1  2  4 @5 @6.
(7) f = 1  2 @3 @6 _ 1  2 @5 @6.
Example 5.2. The following circular transformations F=hfi are incompressible thresh-
old transformations. Each of them is reective through any linear permutation of slope
−1. All of them except (6) were given in [4], in which the proof that (5) is one-to-one
was rather tedious. Applying the above Proposition 3.1 considerably shortens and clar-
ies the proving process.
(1) n is odd (n= 2m+ 1); f = p1   pm+1 @pm+2   @p2m+1.
(2) n is even (n=2m; n>4); f=p1   pm @pm+2   @p2m_p1   pm−1 @pm+1   
@p2m.
(3) n is odd (n= 2m+ 1); f = p1   pm @pm+2   @p2m+1.
(4) f = p1  p2  Sn−3fp3; : : : ; png.
(5) f is dened recursively as follows, where f = f(n) for Qn:
f(4) = p1  p2 @p3 @p4; f(5) = p1  p2 @p4 @p5;
f(n) = p1  p2 @pn−1 @pn _ f(n−2) @pn:
(6) n= 4m+ 2; m>1,
f=p1   pm+1 @pm+2   @p2m+1  p2m+3   
p3m+1 @p3m+3   @p4m+2  (p2m+2 _ p3m+2):
Example 5.3. The following skew-circular minimal transformations F = hhfii are in-
compressible one-to-one threshold transformations of Qn. Each of them is reective
through = (1; n)(2; n− 1)    ([n=2]; n− [n=2] + 1).
(1) f = p1   pi   pn.
(2) f = p1   pn−1.
(3) f = p1   pn−2  (pn−1 _@pn−1).
(4) f = p1  p2  Sn−4fp3; p4; : : : ; pn−1g  pn.
(5) n= 5; f = 1  3  4  (@2 _@5).
For F for (1), the transformations of (2) and (3) are, respectively, F2 and F3. The
outline of the proof for (4) is as follows. Let F = [f1; : : : ; fn]. First, If i 6= j, then
fi and fj [ fj are disjoint. Next, (Car F)Car F . Using these results, we obtain
Ffi fi for every i and F(fi [ fi)c \ fi = ; for every i. Therefore, by
Proposition 3.1, F is reective through .
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Example 5.4 (Ueda [5]). Let n= 2m+ 2. Consider the transformation F of Example
5.2(3) for dimension n− 1, i.e. F = hfi; f = f(1) _ f(2), where
f(1) = p1   pm+1 @pm+2   @p2m+1;
f(2) = p1   pm @pm+1   @p2m+1:
Since F is reective through the linear permutation  of slope −1 and segment n,
i.e. =(1; n−1)(2; n−2)    (n=2−1; n=2+1); F  IQ (direct product) is also reective
through .
Let c be the point dened by ci = 1 for 16i6n=2 − 1, ci = 0 for n=26i6n − 1,
and cn = 1, and let d be the point dened by di = 1 for 16i6n=2, and di = 0 for
n=2 + 16i6n. Let C be the set of the points on the cycle containing c and D be the
set of the points on the cycle containing d. Then C 6= D; C=C, and D=D. Dene
the transformation G by
c! d! Fd! F2d!    ! d! c! Fc! F2c!    ! c;
Gx = x for every other point x2C [ D;
Gx = Fx for every point x 2 Qn n (C [ D):
Then G is reective through . G = [g1; : : : ; gn],
gi =

i−1f(1) _ i−1f(2) @pn for i = 1; : : : ; m+ 1;
i−1f(1)  pn _ i−1f(2) for i = m+ 2; : : : ; 2m+ 1;
gn = f(2)  pn;
where = (1; 2; : : : ; 2m+ 1).
As described above, currently known incompressible minimal one-to-one threshold
transformations are all reective through some Boolean isometries of order 2. Of these,
only Example 5.2(1) is expansible. An incompressible non-minimal one-to-one thresh-
old transformation that is not reective is given in the following Example 5.5. A com-
pressible minimal one-to-one threshold transformation that is not reective is given in
Example 5.6.
Example 5.5. Let F = (3; 4)n1nG, where G is the F of Example 3:3, for n= 4. Then
F=[f1; f2; f3; f4]; f1=p1(@p2_@p3_@p4); f2=@p1 p2 p3 p4; f3=(@p1_
@p2)p3 @p4; f4=(@p1 @p2_@p3)p4. Then jf1j=7, jf2j=1, jf3j=3, jf4j=5.
Suppose that F is reective through T =  n Jn. Then =  by Corollary 3.2.
On the other hand, f0000; 1111g is the set of xed points of F . Therefore, J = ;
or N4. In either case, F2 = I , which is not true. Therefore, F is not reective through
any Boolean isometry.
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Example 5.6. n= 6. F = [f1; : : : ; f6],
f1 = p1 @p2 @p3 @p4(@p5 _@p6);
f2 = p1  p2 @p3 @p4(@p5 _@p6);
f3 = f4 = p1  p2  p3  p4(@p5 _@p6);
f5 = f6 = p1  p2  p3  p4  p5  p6:
F is compressible, since 3 F 4.
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